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THE TOPOLOGICAL CHIRAL HOMOLOGY OF THE SPHERICAL CATEGORY
DARIO BERALDO
Abstract. We consider the spherical DG category SphG attached to an affine algebraic group G. By
definition, SphG := IndCoh(LSG(S
2)) consists of ind-coherent sheaves on the (derived) stack of G-local
systems on the 2-sphere S2. The 3-dimensional version of the pair of pants endows SphG with an E3-
monoidal structure. More generally, for an algebraic stack Y and n ≥ −1, we consider the En+1-monoidal
DG category Sph(Y, n) := IndCoh0((Y S
n
)∧
Y
), where IndCoh0 is the sheaf theory introduced by Arinkin and
Gaitsgory. The case of SphG is recovered by setting Y = BG and n = 2.
The cobordism hypothesis associates to Sph(Y, n) an (n+1)-dimensional topological field theory, whose
value on a manifold Md of dimension d ≤ n+ 1 (possibly with boundary) is given by the topological chiral
homology
∫
Md
Sph(Y, n). In this paper, we compute such chiral homology, obtaining the Stokes style formula∫
Md
Sph(Y, n) ≃ IndCoh0
((
Y ∂(M
d
×D
n+1−d)
)
∧
Y M
d
)
,
where the formal completion is constructed using the obvious projection ∂(Md × Dn+1−d) → Md. The
most interesting instance of this formula is for SphG ≃ Sph(BG, 2), the original spherical category, and
X a Riemann surface. In this case, we obtain a monoidal equivalence
∫
X
SphG ≃ H(LS
Betti
G
(X)), where
LSBetti
G
(X) is the stack of G-local systems on the topological space underlying X and H is a sheaf theory
related to Hochschild cochains.
1. Introduction
1.1. The main result. Let k be a field of characteristic zero. For G an affine algebraic group over k, with
Lie algebra g, consider the spherical (or Satake) DG category
SphG := IndCoh(BG ×g/G BG),
presented in this form in [2]. To be precise on the terminology, SphG is called the “renormalized spherical
category” in [2], and denoted there by SphrenG . A slighly different form of SphG appeared earlier in [8].
The goal of this article is to integrate this DG category over a Riemann surface. Let us explain what we
mean by this.
1.1.1. One checks that there is an equivalence SphG ≃ (Sym(g[−2])-mod)
G of plain DG categories. How-
ever, SphG admits an E3-monoidal structure which becomes evident in the realization
(1.1) SphG ≃ IndCoh
(
(BGS
2
)∧BG
)
,
where we have used the obvious isomorphisms
BG×g/G BG ≃ BG×G/G BG ≃ BG×LBG BG ≃ BG
S2 ≃ (BGS
2
)∧BG.
The E3-structure comes from the 3-dimensional version of the pair of pants contruction (or better from the
space of configurations of little 3-disks in a 3-dimensional space), together with the functoriality of IndCoh
on formal completions (see [17]).
1.1.2. As explained in [21], [22], [15], any1 En+1-monoidal DG category A can be integrated on a closed
oriented manifold M of dimension d ≤ n + 1: the result will be an En+1−d-monoidal DG category, called
the topological chiral homology of A and denoted by
∫
M
A.
In particular, it makes sense to compute the topological chiral homology of SphG on a Riemann surface
X . The result will be a monoidal DG category, whose explicit calculation is the subject of our main result:
1 More precisely: A needs to be SO(n+ 1)-invariantly En+1-monoidal. Otherwise, its topological chiral homology is only
defined on (n + 1)-framed manifolds. Luckily, SphG is SO(3)-invariantly E3-monoidal, and likewise for all its generalizations
Sph(Y, n) to be introduced later on.
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Theorem 1.1. For any affine algebraic group G over k and any Riemann surface X, there is a natural
monoidal equivalence
(1.2)
∫
X
SphG ≃ H(LS
Betti
G (X)),
where LSBettiG (X) is the derived stack of G-local systems on the topological space underlying X, and
H(Y ) := (IndCoh0((Y × Y )
∧
Y ), ⋆)
is the monoidal DG category introduced in [10].
Remark 1. This theorem can be regarded as a topological instance of the main result of [25].
Remark 2. Instead of the spherical category SphG, one might consider its simpler version QCoh(pt/G) ≃
RepG, obtained by discarding the derived structure. Of course, RepG is symmetric monoidal. However, to
keep the analogy with the above, let us just consider the underlying E3-structure. By [5], there is a monoidal
equivalence:
(1.3)
∫
X
RepG ≃ QCoh(LS
Betti
G (X)).
Note that SphG is a refinement of RepG (in that there is a monoidal map RepG → SphG that generates the
target under colimits) and similarly H(Y ) is a refinement of QCoh(Y ) (again, there is a monoidal functor
QCoh(Y ) → H(Y ) that generates the target under colimits, see [10]). Thus, we may regard (1.2) as a
refinement of (1.3).
Our interest in Theorem 1.1 comes from its interplay with two different topics. The first topic, mentioned
next, is the geometric Langlands program. The second one, discussed in Section 3.1.2, is the theory of shifted
symplectic stacks and their quantizations (after [24], [13]).
1.2. Langlands motivation.
1.2.1. In this section only, we assume that G is connected and reductive, with Langlands dual Gˇ. Recall
the rough statement of the Betti geometric Langlands conjecture (see [7] for a thorough discussion): for any
smooth complete curve X , there is an equivalence
L
Betti
G : IndCohN(LS
Betti
Gˇ (X))
≃?
−−−→ DBetti(BunG(X)).
1.2.2. Now, as explained in [10] and [11], there is a tautological “Hochschild” action of H(LSBettiGˇ (Σ)) on
IndCohN(LS
Betti
Gˇ (Σ)). Combining this with the above conjecture, we expect that H(LS
Betti
Gˇ (Σ)) acts on
DBetti(BunG(Σ)) as well, in a natural way (via the “Hecke” action).
To construct such action, we render the strategy outlined in [11, Introduction] to the much easier Betti
case. More precisely, we combine three ingredients:
• derived geometric Satake, see [8] and [2] for the version we will use;
• our main Theorem 1.1;
• the main result of [23], which, starting from (1.3), constructs an action of QCoh(LSGˇ) on
DBetti(BunG(Σ)).
Details will be provided in the sequel to this paper.
1.2.3. The action of H(LSBettiGˇ (X)) on D
Betti(BunG(X)) brings several new tools to the Betti geometric
Langlands program: the notion of singular support over LSGˇ for objects of D
Betti(BunG(X)), the notion
of categorified Eisenstein series [11], the strong spectral gluing theorem [12], and so on. We hope to exploit
these tools to give an explicit construction of the conjectural functor LBettiG .
1.3. Structure of the paper. Section 2 is devoted to recalling some background notions. In Section 3, we
extend the statement of Theorem 1.1 to higher dimensional spheres and stacks other than BG. We explain
how any of these generalized spherical categories yields a topological field theory (TFT). Next, in Section
4, we prove our main technical result, Theorem 4.1, which guarantes that IndCoh0 satisfies the excision
property. Finally, in Sections 5 and 6, we exploit such property to compute the value of our TFT on various
manifolds: spheres, tori, pairs of pants in various dimension, Riemann surfaces.
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2. Notation and background
Let us collect here some of the notation and background that will be used without further mention in the
main body of the paper.
2.1. Topology.
2.1.1. We denote by Spc the ∞-category of topological spaces as in [20]. We say that a space S ∈ Spc is
finite if it has the homotopy type of a finite simplical complex. We denote by Dk and Sk disks and spheres
as usual.
2.1.2. When we say that S1, S2 ∈ Spc are isomorphic (written S1 ≃ S2), we actually mean that they are
“weak equivalent”.
2.1.3. Manifolds are always assumed to be smooth. For a (smooth) manifold M , we denote by ∂M its
boundary. A manifold M is said to be closed if ∂M = ∅. When gluing two manifolds along a common
boundary, we always assume that the gluing has been performed in such a way that the result is also a
manifold.
2.1.4. We use the following notation: for an n-dimensional manifold M possibly with boundary, we denote
by M◦ the same manifold with a small n-dimensional disk removed from its interior. Similarly, the notation
M◦◦ means that we have removed two disjoint disks. For instance, (D2)◦◦ is the usual pair of pants.
2.2. Formal algebraic geometry. We make essential use of the notion of formal completion in derived
algebraic geometry and of the theory of ind-coherent sheaves. For the former, we refer to [17], for the latter
to [16] and [17]. Our notation follows those treatments, as well as [10] and [11].
2.2.1. We always work over a field k of characteristic zero. All stacks in this paper are defined over k, and
they are assumed to be derived, algebraic, quasi-compact, with affine diagonal and with perfect cotangent
complex. We say that a stack is “bounded” if it is “eventually coconnective” in the terminology of [17].
Recall that any quasi-smooth stack is bounded.
Even if we start with a smooth (in particular, underived) stack, the operations performed in this paper
will quickly lead to unbounded (in particular, derived) stacks. For instance, the operation Y  LY of taking
loops sends smooth stacks to quasi-smooth stacks and (genuinely) quasi-smooth stacks to unbounded stacks.
2.2.2. We denote by Z∧Y the formal completion of a map of stacks f : Y → Z. Observe that f is not required
to be a closed embedding, and that the notation Z∧Y is abusive as the map f is not mentioned. When we
suspect that f might not clear from the context, we write it down explicitly.
We assume familiarity with the theory of ind-coherents sheaves on schemes, stacks and formal completions
thereof: see [16], [17].
2.2.3. A key player in this paper is the hybrid sheaf theory IndCoh0 (a mixture between IndCoh and QCoh)
on maps of stacks, introduced in [3]. If Y → Z is a map of stacks with Y bounded, then
IndCoh0(Y → Z) =: IndCoh0(Z
∧
Y )
is defined as the full subcategory of IndCoh(Z∧Y ) given by the fiber product
IndCoh0(Z
∧
Y ) := IndCoh(Z
∧
Y ) ×
IndCoh(Y )
QCoh(Y ).
On the other hand, if Y is not bounded, such fiber product is not to be considered, and the definition of
IndCoh0(Z
∧
Y ) must be modified as described in [10].
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Example 1. In particular, on any unbouded Y there are two different DG categories of D-modules: the
usual one D(Y ), see [17], and the more exotic one
“D”(Y ) := IndCoh0(pt
∧
Y ),
introduced in [10]. Any category of D-modules occurring in this paper must be interpreted as the exotic one.
2.2.4. The assignment IndCoh0(Y → Z) upgrades to a functor out of correspondences of arrows of stacks.
Any diagram
Y1 Y2 Y2
Z1 Z ′ Z2
≃
with cartesian left square gives rise to a pull-push functor
IndCoh0(Y1 → Z1) −→ IndCoh0(Y2 → Z2),
see [10].
Remark 3. In the main body of the paper we will use the notation IndCoh0(Z
∧
Y ) in place of the more precise
IndCoh0(Y → Z).
2.3. Mixing topology and algebraic geometry.
2.3.1. The ∞-category of stacks is cotensored over finite spaces. This means that, for Y a stack and S
a finite space, there exists a well defined Y S := Maps(S, Y ), which can be computed as an iterated fiber
product of various copies of Y . For instance,
Y S
1
= LY = Y ×Y×Y Y, Y
S2 = Y ×LY Y.
2.3.2. It is already clear from the introduction that our DG categories of interest arise via a 3-step procedure:
start with a map of finite spaces, take Maps into a stack Y , take IndCoh0 of the result. Diagrammatically,
[M → N ] [Y N → YM ] IndCoh0
((
YM
)∧
Y N
)
.
Remark 4. It is often the case that M and N are manifolds. We emphasize that the resulting
IndCoh0
((
YM
)∧
Y N
)
depends only on the topological spaces underlying M and N .
2.3.3. It follows from Section 2.2.4 that any commutative diagram of finite spaces
(2.1) N1 N2 N2
M1 M ′ M2
≃
with cocartesian leftmost diagram gives rise to a pull-push functor
IndCoh0
((
YM1
)∧
Y N1
)
−→ IndCoh0
((
YM
′)∧
Y N2
)
−→ IndCoh0
((
YM2
)∧
Y N2
)
.
2.3.4. Luckily, all diagrams (2.1) of topological spaces arising in this paper are of this form: with cocartesian
leftmost square and with bottom rightmost map an isomorphism (of spaces). We simply call these diagrams
pairs of compatible cospans.
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3. The TFT perspective
It turns out that the statement of Theorem 1.1 can be generalized with no extra effort, using the language
of topological field theories (TFTs). Such generalization is actually both significant and helpful.
It is significant, as it allow to reinterpret the results of this paper via the theory of shifted symplectic
stacks and their quantizations.
It is helpful, as it clarifies the structures involved in the proof of the theorem.2
In this section, we introduce Sph(Y, n), our generalization of SphG. We then argue that it determines a
fully extended (n+ 1)-dimensional TFT (in the sense of [22]) and describe such TFT explicitly in “Stokes’
terms”.
Remark 5. Ideally, TFTs would associate numbers to top dimensional manifolds. We stress that our TFT
is not of this sort: its value on a manifold of top(=n+1) dimension is a DG category. In general, Sph(Y, n)
is not dualizable enough to yield a TFT that associates numbers to manifolds of top dimension. See, however,
Section 5.2.2.
3.1. Modules for the ring of higher differential operators. As noted in the abstract, the DG category
SphG = IndCoh((BG
S2)∧BG) is an instance of the following general construction.
3.1.1. Let Y be a quasi-compact derived algebraic stack locally of finite presentation and with affine diag-
onal, fixed throughout the paper. For n ≥ −1, we define the En+1-monoidal
Sph(Y, n) := IndCoh0((Y
Sn)∧Y ),
with multiplication induced by a higher dimensional version of the pair of pants. For an extensive discussion
of the En+1-monoidal structure, we recommend [27]. Note the appearance of IndCoh0, introduced in [3]
3,
instead of simply IndCoh. These two sheaf theories concide for Y smooth, but differ otherwise. It turns out
that IndCoh0 is much more amenable to gluing: see for instance [10], where the Drinfeld center of Sph(Y, 0)
is computed.
Example 2. For n = 0, we have Sph(Y, 0) ≃ H(Y ) monoidally. For n = −1, we agree that S−1 = ∅ and
that Y ∅ = pt, whence Sph(Y,−1) ≃ “D”(Y ).
Example 3. The choice Y = BG and n = 2 recovers SphG. The reader will not lose much by considering
Y = BG thoughout this paper. However, the appearance of IndCoh0 is unavoidable even for BG, as soon as
we integrate in 2-dimensions: indeed, the stack of maps from a 2-dimensional surface to BG is quasi-smooth
but not smooth (unless G is trivial).
3.1.2. As we presently explain, Sph(Y, n) is a basic object of interest in shifted symplectic geometry ([24],
[13]): a quantization of the (n + 1)-shifted cotangent bundle of Y . For simplicity, let us assume that Y
is smooth, so that there is no difference between IndCoh0((Y
Sn)∧Y ) and IndCoh((Y
Sn)∧Y ). Then, by [17,
Chapter IV],
Sph(Y, n) = IndCoh0((Y
Sn)∧Y ) ≃ U(TY/(Y Sn))-mod(IndCoh(Y )),
where TY/(Y Sn) is the relative tangent Lie algebroid and U(TY/(Y Sn )) its universal envelope. The latter is
a monad acting on IndCoh(Y ), equipped with a canonical filtration. The appropriate version of the PBW
theorem states that the associated graded equals the functor of tensoring with the symmetric algebra of
TY/(Y Sn) ∈ IndCoh(Y ). Finally, one computes that TY/(Y Sn) ≃ TY [−(n+ 1)]. Thanks to
SymTY [−(n+ 1)]-mod(QCoh(Y )) ≃ QCoh(T
∗[n+ 1]Y ),
we obtain that Sph(Y, n) is indeed a quantization of the (n + 1)-shifted cotangent bundle of Y . As such,
SphG might be called the DG category of (n+ 1)-shifted D-modules on Y .
3.2. The extended spherical TFT.
2 For instance, in the case n = 2 several circles appear for various different reasons and it is easy to confuse their roles. On
the other hand, for higher n, some of the circles are replaced by (n− 1)-dimensional spheres and less confusion is likely to arise:
see for instance Corollary 5.2.
3and in [10] in the case Y is not bounded
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3.2.1. Recall the (∞, n + 1)-category Alg◦(n+1)(DGCat): this is the Morita (∞, n + 1)-category of En+1-
monoidal DG categories ([22, Definition 4.1.11], [19], [26]).
3.2.2. Recall moreover that, by [22, Theorem 4.1.24], any A ∈ Alg◦(n+1)(DGCat) gives rise to an (n + 1)-
dimensional TFT, that is to a symmetric monoidal functor
TA : Bord
fr
n+1 −→ Alg
◦
(n+1)(DGCat)
defined on (n + 1)-framed manifolds. Such functor is computed by topological chiral homology (alias:
factorization homology). Besides [22, Chapter 4.1], see [15], [4].
3.2.3. The orthogonal group O(n + 1) acts on the space of En+1-monoidal DG categories, simply because
it acts (in the obvious way) on the operad En+1. If an En+1-monoidal DG category A ∈ AlgEn+1(DGCat)
admits a lift along the forgetful functor(
AlgEn+1(DGCat)
)SO(n+1)
−→ AlgEn+1(DGCat),
then TA descends to a TFT defined on oriented manifolds. In our case, we have(
AlgEn+1(DGCat)
)SO(n+1)
≃ AlgfEn+1(DGCat),
where fEk := SO(k) ⋉ Ek is the operad of framed little k-disks ([14], [18]).
3.2.4. It is tautological that our Sph(Y, n) is actually an fEn+1-monoidal DG category, whence we obtain
a TFT
Tn := TSph(Y,n) : Bord
or
n+1 −→ Alg
◦
(n+1)(DGCat), M  
∫
M
Sph(Y, n).
For short, we sometimes call such theory the spherical TFT. In particular, for n = 1, we have the circular
TFT discussed in Section 3.3.
3.2.5. We claim that the entire theory Tn can be described really explicitly in terms of IndCoh0: this is the
content of Claim 3.1 below. Before giving the answer, let us recall some of the structure we expect to find; in
other words, let us recollect some of the features of the higher category Alg◦(n+1)(DGCat). Let 0 ≤ d ≤ n+1
and A a fEn+1-monoidal DG category. Then:
• the topological chiral homology
∫
M
A on a closed oriented d-dimensional manifoldM is naturally an
En+1−d-algebra;
• for M a d-dimensional oriented bordism between B1 and B2, the topological chiral homology
∫
M A
is an En+1−d-algebra in the En+1−d-monoidal ∞-category(∫
B1
A,
∫
B2
A
)
-bimod.
Claim 3.1. 4 For 0 ≤ d ≤ n + 1 and M an oriented d-dimensional manifold (possibly with boundary), we
have
(3.1)
∫
Md
Sph(Y, n) ≃ IndCoh0
(
(Y ∂(M×D
n+1−d))∧Y M
)
,
and the two pieces of structure listed above are as follows.
If M has no boundary, the above formula reduces to
(3.2)
∫
M
Sph(Y, n) ≃ IndCoh0
(
(YM×S
n−d
)∧Y M
)
≃ Sph(YM , n− d).
and the En−d+1-monoidal structure is the obvious one coming from boundaries of little disks in D
n+1−d.
If M is viewed as a bordism between B1 and B2, the right action of∫
B2
Sph(Y, n) ≃ IndCoh0
(
(Y B2×S
n+1−d
)∧Y B2
)
4In the present paper, we do not fully prove this claim, the (only) obstruction being the higher categorical nature of the
statement. Instead, we prove several instances of it in the following sections.
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on ∫
Md
Sph(Y, n) ≃ IndCoh0
(
(Y ∂(M×D
n+1−d))∧Y M
)
is induced by the pair of compatible cospans
M ⊔B M ⊔B B ≃M M,
∂(M ×Dn+1−d) ⊔ (B × Sn+1−d) ∂(M ×D
n+1−d) ⊔
B×Dn+1−d
(B × Sn+1−d) ∂(M ×Dn+1−d)
where the right map forming
∂(M ×Dn+1−d) ⊔B×Dn+1−d (B × S
n+1−d)
is defined by attaching the leftmost hemisphere of Sn+1−d to Dn+1−d. The left action of B1 is defined in the
same way.
3.2.6. Stokes interpretation. To guess the formula (3.1), one runs the physics proof of Stokes’ theorem:
given M , replace points of M with small n-dimensional spheres or better by n-dimensional cubes. Then the
adjacent faces of those cubes cancel out. For instance, this procedure applied to S1 gives rise to S1 × Sn−1:
this yields the statement of Corollary 5.2. The same procedure for n = 2 and X a Riemann surface yields
X × S0, which gives in turn our main Theorem 1.1. For an example of a manifold with boundary, consider
n = 2 and the usual pair of pants P : then the procedure yields a Riemann surface of genus 2, which is indeed
the boundary of P ×D1.
3.2.7. AKSZ formalism. Another way5 to explain (3.1), or rather (3.2), is by using the interpretation of
Sph(Y, n) as the DG category of (n + 1)-shifted D-modules. One of the main theorems of [24] states that
the stack of maps from an d-oriented manifold to an n-shifted symplectic stack is (n− d)-shifted symplectic.
This is an instance of the AKSZ formalism ([1]). Applying this construction to the (n+1)-shifted cotangent
space T ∗[n + 1]Y and quantizing, we get the gist of (3.2): integrating over a closed oriented manifold Md
sends (n+ 1)-shifted D-modules on Y to (n+ 1− d)-shifted D-modules on the mapping stack YM .
Below are two significant examples of (3.2).
3.2.8. (Top dimension). For Mn+1 a closed manifold of dimension n+ 1, the theorem yields an equivalence∫
Mn+1
Sph(Y, n) ≃ “D”(YM )
of DG categories.
3.2.9. (Riemann surfaces). If n ≥ 1 and X is a Riemann surface, then the TFT predicts an equivalence∫
X
Sph(Y, n) ≃ IndCoh0
(
(Y X×S
n−2
)∧Y X
)
of En−1-monoidal DG categories, where the En−1-structure on the RHS in induced by the pair of pants
construction for Sn−2, together with the functoriality of IndCoh0.
In particular, for n = 2, we get monoidal equivalence∫
X
IndCoh((Y S
2
)∧Y ) ≃ IndCoh0
(
(Y X×S
0
)∧Y X
)
≃ IndCoh0
(
(Y X × Y X)∧Y X
)
,
the RHS being monoidal under convolution. Since such monoidal DG category is H(Y X) by definition, we
see that Theorem 1.1 is a particular case of Theorem 3.1 applied to Y = BG.
Remark 6. As in Remark 2, it is instructive to compare (3.2) with the formula for the topological chi-
ral homology of QCoh(Y ), the latter viewed as an En+1-monoidal DG category. Thanks to [5], we have∫
Md QCoh(Y ) ≃ QCoh(Y
Md). Thus, (3.2) refines this formula, in the same way as D-modules refine quasi-
coherent sheaves.
3.3. Example: the “circular” TFT. Let us illustrate the example of n = 1.
5We are grateful to the referee for suggesting this point of view.
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3.3.1. In this case, attached to pt we have the circular category, that is, the E2-monoidal DG category
Sph(Y, 1) := IndCoh0
((
LY
)∧
Y
)
≃ HLY←Y→pt.
The monoidal structure is induced by the correspondence
(LY )∧Y × (LY )
∧
Y ←− (LY ×Y LY )
∧
Y −→ (LY )
∧
Y ,
and the E2-structure comes from the identification Y
P ≃ LY ×Y LY , where P is the pair of pants.
3.3.2. We get a symmetric monoidal (∞, 2)-functor
T1 : Bord2 −→ Alg
◦
(2)(DGCat)
described as follows:
• the value on pt is the circular category;
• the value on S1 is the E1-monoidal DG category
T1(S
1) := IndCoh0
((
LY × LY
)∧
LY
)
≃ H(LY );
• the value on an oriented 2-dimensional surface Σ with boundary ∂S = ∂inS ⊔ ∂outS is the DG
category
T1(S) := IndCoh0
((
Y ∂inS × Y ∂outS
)∧
Y S
)
≃ HY ∂inS←Y S→Y ∂out ,
equipped with the natural (H(Y ∂inS),H(Y ∂out ))-bimodule structure coming from the theory of H as
in [11];
• in particular, the value on a closed oriented 2-dimensional surface S is the DG category
T1(S) := IndCoh0
((
Y ∅
)∧
Y S
)
≃ IndCoh0
((
pt
)∧
Y S
)
=: “D”(Y S).
4. Excision for IndCoh0
The most direct way to prove Claim 3.1 would be to construct the TFT by hands, that is, to construct a
symmetric monoidal (∞, n+ 1)-functor from Bordorn+1 → Alg
◦
(n+1)(DGCat) that upgrades the assigment
(4.1) Md  IndCoh0
((
Y ∂(M
d×Dn+1−d)
)∧
Y Md
)
.
In the present paper, we content ourselves with a more modest and less structured approach, which however
contains the main substance of the proof.6 Namely, we establish an excision (or gluing) theorem, Theorem
4.1, that suffices for the proof Theorem 1.1.
4.1. Gluing the IndCoh0 categories. Let us proceed to formulate the excision theorem.
4.1.1. Let d ≤ n and M an oriented (d + 1)-dimensional manifold, regarded as a bordism from ∂inM to
∂outM =: B. As explained in Claim 3.1, the En−d+1-monoidal DG category
IndCoh0
((
Y B×S
n−d)∧
Y B
)
acts on
IndCoh0
((
Y ∂(M×D
n−d)
)∧
Y M
)
from the right.
Remark 7. As n− d+ 1 ≥ 1, the former is in particular a monoidal DG category.
6Indeed, it is conceivable that our excision theorem, combined with the results and techniques of [4], actually gives Claim
3.1.
CHIRAL HOMOLOGY OF THE SPHERICAL CATEGORY 9
4.1.2. Now, let N be another (d + 1)-dimensional manifold, regarded as a bordism from ∂inN to ∂outN .
Assume we are given an identification
B := ∂outM ≃ ∂inN.
Then the En+1−d-monoidal DG category
IndCoh0
((
Y B×S
n−d)∧
Y B
)
acts on
IndCoh0
((
Y ∂(N×D
n−d)
)∧
Y N
)
from the left. The key point of this paper is to compute the relative tensor product
IndCoh0
((
Y ∂(M×D
n−d)
)∧
Y M
)
⊗
IndCoh0
((
Y B×Sn−d
)
∧
Y B
) IndCoh0
((
Y ∂(N×D
n−d)
)∧
Y N
)
,
which ought to correspond to the tensor product∫
M
Sph(Y, n) ⊗∫
B
Sph(Y,n)
∫
N
Sph(Y, n).
By excision for topological chiral homology, see [15], we expect this to be equivalent to
∫
M⊔BN
Sph(Y, n).
The following theorem shows this is indeed the case.
Theorem 4.1. Let M , N , B and d be as above. The functor
IndCoh0
((
Y ∂(M×D
n−d)
)∧
Y M
)
⊗ IndCoh0
((
Y ∂(N×D
n−d)
)∧
Y N
)
−→ IndCoh0
((
Y ∂((M⊔BN)×D
n−d)
)∧
Y M⊔BN
)
induced by the compatible pair of cospans
M ⊔ N M ⊔B N M ⊔B N
∂(M ×Dn−d) ⊔ ∂(N × Dn−d) ∂(M ×Dn−d) ⊔B ∂(N ×D
n−d) ∂((M ⊔B N) ×D
n−d)
descends to an equivalence
IndCoh0
((
Y ∂(M×D
n−d)
)∧
Y M
)
⊗
IndCoh0
((
Y B×Sn−d
)
∧
Y B
) IndCoh0
((
Y ∂(N×D
n−d)
)∧
Y N
)
(4.2)
≃
−−−→ IndCoh0
((
Y ∂((M⊔BN)×D
n−d)
)∧
Y M⊔BN
)
.
Remark 8. It is clear from the construction that the equivalence (4.2) is compatible with the left and right
actions of
IndCoh0
((
Y ∂inM×S
n−d)∧
Y ∂inM
)
and IndCoh0
((
Y ∂outN×S
n−d)∧
Y ∂outN
)
on both sides. Also, a diagram chase with little disks guarantees that (4.2) is En−d-monoidal.
4.1.3. The proof of Theorem 4.1 occupies the entire Section 4.2. Before getting there, let us observe that
the difficulty in computing the relative tensor product (4.2) is the following: the actions of the “actor” on
the “actees” and defined by pull-push functors, rather than by (say) simply pull-backs along some map.
This prevents us from invoking any kind of descent for IndCoh0. To circumvent this, we shall exploit the
monoidal functor
(QCoh(Y B),⊗) −→
(
IndCoh0
((
Y B×S
n−d)∧
Y B
)
, ⋆
)
.
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4.1.4. Let us articulate the above idea in more detail. There are a priori various ways in which QCoh(Y B),
viewed as a symmetric monoidal DG category, can act on IndCoh0
((
Y B×S
n−d)∧
Y B
)
. The first, completely
canonical, is via the monoidal functor
(QCoh(Y B),⊗) −→
(
IndCoh0
((
Y B×S
n−d)∧
Y B
)
, ⋆
)
.
The second one depends on the choice of a point of Sn−d (equivalently, a connected component of Sn−d):
such choice gives rise to a map (
Y B×S
n−d)∧
Y B
−→ Y B
and hence to an action by (!, 0)-pullback. We leave it to the reader to check (by standard base-change
nonsense) that these two actions are identified.
4.2. Proof of Theorem 4.1. We will proceed in several steps.
4.2.1. A routine diagram chase with cospans shows that the functor in question descends to the relative
tensor product as stated. Thus, we just need to verify that the functor appearing in (4.2) is an equivalence
of DG categories.
4.2.2. Consider now the monoidal functor
(QCoh(Y B),⊗) −→
(
IndCoh0
((
Y B×S
n−d)∧
Y B
)
, ⋆
)
.
We claim that the resulting right action of QCoh(Y B) on IndCoh0
((
Y ∂(M×D
n−d)
)∧
Y M
)
comes from the
monoidal functor
QCoh(Y B)
r∗
−→ QCoh(YM ) −→ IndCoh0
((
Y ∂(M×D
n−d)
)∧
Y M
)
,
where r : YM → Y B is the map induced by the inclusion B →֒ M . This is made evident by the pushout
square
∂(M ×Dn−d) ⊔B ∂(M ×Dn−d) ⊔B B ≃ ∂(M ×D
n−d),
∂(M ×Dn−d) ⊔ (B × Sn−d) ∂(M ×Dn−d) ⊔B×Dn−d (B × S
n−d)
together with the fact that the map B → ∂(M ×Dn−d) appearing in the bottom horizontal arrow factors as
B →֒M → ∂(M ×Dn−d).
Parallel considerations hold for M in place of N .
4.2.3. To perform the computation without too much notation, let us set
B := IndCoh0
((
Y B×S
n−d)∧
Y B
)
,
M := IndCoh0
((
Y ∂(M×D
n−d)
)∧
Y M
)
,
N := IndCoh0
((
Y ∂(N×D
n−d)
)∧
Y N
)
,
as well as
A := QCoh(Y B),
Q := QCoh(YM ),
R := QCoh(Y N ).
We need to compute M ⊗B N, bearing in mind that A maps monoidally to B. Hence, we can compute
M⊗B N as a relative tensor product in the symmetric monoidal ∞-category A-mod:
(4.3) M⊗B N ≃ colim
[m]∈∆op
(
M⊗A B⊗A · · ·⊗A B︸ ︷︷ ︸
m occurrences of B
⊗A N
)
.
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4.2.4. Recall now that the action of A onM (respectively, N) comes from the monoidal functor A→ Q→M
(respectively, A→ R→ N). Then the zero simplex above is given by
M⊗A N ≃ M⊗Q Q⊗A R⊗R N
≃ M⊗Q QCoh(Y
M⊔BN )⊗R N.
Reverting to the IndCoh0 notation, we have
M⊗A N ≃ IndCoh0
((
Y ∂(M×D
n−d)
)∧
Y M
)
⊗
QCoh(Y M )
QCoh(YM⊔BN ) ⊗
QCoh(Y N )
IndCoh0
((
Y ∂(N×D
n−d)
)∧
Y N
)
≃ IndCoh0
((
Y ∂(M×D
n−d)⊔MM⊔BN⊔N∂(N×D
n−d)
)∧
Y M⊔BN
)
≃ IndCoh0
((
Y ∂(M×D
n−d)⊔B∂(N×D
n−d)
)∧
Y M⊔BN
)
,
where we have used the theory of IndCoh0 on possibly unbounded stacks as developed in [10, Section 3].
In passing, let us note that it is good news that the space appearing in the top part of the formal
completion is exactly the space appearing at the center of the top cospan in the statement of Theorem 4.1.
4.2.5. The other simplices of the simplicial category appearing in (4.3) are no more difficult to compute.
First off, for m ≥ 0, we have
B⊗A · · ·⊗A B︸ ︷︷ ︸
m occurrences of B
≃ IndCoh0
((
Y ((B×S
n−d)⊔Bm)
)∧
Y B
)
,
where we have used the notation
S⊔Bm := S ⊔B · · · ⊔B S︸ ︷︷ ︸
m occurrences of S
, S⊔B0 ≃ B.
From this, we quickly deduce the equivalence
M⊗A B⊗A · · ·⊗A B︸ ︷︷ ︸
m occurrences of B
⊗A N ≃ IndCoh0
((
Y ∂(M×D
n−d)⊔B
(
(B×Sn−d)⊔Bm
)
⊔B∂(N×D
n−d))∧
Y M⊔BN
)
.
4.2.6. Unraveling the equivalences, we see that M⊗BN is obtained from the tautological cosimplicial space
(over B)
(4.4) ∂(M ×Dn−d) ⊔B
(
(B × Sn−d)⊔Bm
)
⊔B ∂(N ×D
n−d)
by the following procedure:
• apply Maps(−, Y ) to obtain a simplical stack over Y B;
• formally complete at each stage (or better, regard the above as a simplcial object in Arr(Stk));
• take the covariant IndCoh0 to obtain a simplicial DG category;
• take the colimit (geometric realization).
4.2.7. Consider now ∂((M ⊔B N)×D
n−d) and the map
∂((M ⊔B N)×D
n−d) −→ ∂((M ⊔B N)×D
n−d) ⊔
B×Sn−d−1
B ≃ ∂(M ×Dn−d) ⊔B ∂(N ×D
n−d)
defined by collapsing the central B × Sn−d−1 →֒ ∂((M ⊔B N) × D
n−d) onto B. It is clear that the Cech
coresolution of such map identifies with the cosimplicial space featuring in (4.4).
4.2.8. Since IndCoh0 satisfies descent in the second variable (see [10]), we conclude that
M⊗B N ≃ IndCoh0
((
Y ∂((M⊔BN)×D
n−d)
)∧
Y M⊔BN
)
as desired.
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5. Spheres and tori
With no doubt, Theorem 4.1 is the most important result of this paper. We now exploit it to compute
the topological chiral homology of Sph(Y, n) on all spheres and tori of dimension ≤ n+1. We start with the
circle, in which case the calculation can be performed in greater generality. The case of higher dimensional
tori follows by iterating this computation, while the case of spheres follows inductively using the hemisphere
decomposition and Theorem 4.1.
Having determined the value of our theory Tn on all spheres, we can show that Tn further extends to an
(n+ 2)-dimensional theory that assigns vector spaces to closed oriented (n+ 2)-dimensional manifolds.
5.1. Computing the trace. For A an E1-monoidal DG category, we have
∫
S0 A ≃ A⊗A
rev tautologically,
and ∫
S1
A ≃ A ⊗
A⊗Arev
A =: Tr(A)
by excision, see [15]. Note that Tr(A) is the Hochschild homology category of A, also called the trace in [5].
In our case, describing Tr(Sph(Y, n)) in tangible terms is easy thanks to Theorem 4.1, or alternatively
directly using the theory developed in [10]. In fact, let us start by performing a more general calculation,
which is a mild generalization of the main result of [10].
Theorem 5.1. Consider the the convolution monoidal DG category
H(Y/Z) := IndCoh0((Y ×Z Y )
∧
Y ),
where Y → Z is a map of algebraic stacks with perfect cotangent complex. Then∫
S1
H(Y/Z) ≃ IndCoh0((LZ)
∧
LY ),
as DG categories.
Proof. We exploit the monoidal functor QCoh(Y )→ H(Y/Z) and compute the trace via the bar construction
in the symmetric monoidal ∞-category QCoh(Y )-mod. Namely:
Tr(H(Y/Z)) ≃ colim
[n]∈∆op
(
H(Y/Z)(⊗QCoh(Y ))
n+1
⊗
QCoh(Y )⊗QCoh(Y )
QCoh(Y )
)
.
Applying [10, Proposition 3.4.5] repeatedly, we obtain
Tr(H(Y/Z)) ≃ colim
[n]∈∆op
IndCoh0

(Y ×Z · · · ×Z Y︸ ︷︷ ︸
n+1 times
×Z LZ
)∧
LY

 .
It is clear that such sequence of formal completions is the Cech resolution of the map (Y×ZLZ)
∧
LY → (LZ)
∧
LY .
Moreover, the structure functors are (∗, 0)-pushforwards along the structure maps of the Cech resolution.
By descent of IndCoh0, we conclude that Tr(H(Y/Z)) ≃ IndCoh0((LZ)
∧
LY ) as wanted. 
5.1.1. In particular, setting Z = Y S
n−1
for n ≥ 0, we see that H(Y/Z) ≃ Sph(Y, n) and that LZ =
Y S
1×Sn−1 . Thus, we obtain the following instance of Claim 3.1.
Corollary 5.2. For n ≥ 0 and Y an algebraic stack locally of finite presentation, there is a natural equiva-
lence
(5.1)
∫
S1
Sph(Y, n) ≃ IndCoh0
((
Y S
1×Sn−1
)∧
Y S1
)
of En-monoidal DG categories, where the En-structure on the RHS is induced by the pair of pants construction
for Sn−1, together with the functoriality of IndCoh0.
Proof. Only the En-structure needs an explanation. To this end, let us write down the candidate En-
monoidal structure on
Tr(Sph(Y, n)) ≃ IndCoh0
((
Y S
1×Sn−1
)∧
Y S1
)
.
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Letting Pn := (D
n)◦◦ denote the n-dimensional pair of pants, we consider the compatible pair of cospans:
S1 ⊔ S1 S1 S1.
(S1 × Sn−1) ⊔ (S1 × Sn−1) S1 × Pn S1 × Sn−1
Then the En-monoidal structure on the trace is given by applying Maps(−, Y ) to this diagram, and then by
taking the IndCoh0 pull-push functor.
Let us also write the functor
(5.2) IndCoh0
((
Y S
n)∧
Y
)
⊗ IndCoh0
((
Y S
n)∧
Y
)
−→ IndCoh0
((
Y S
1×Sn−1
)∧
Y S1
)
inducing the equivalence (5.1). This is given by the compatible map of cospans
pt ⊔ pt (S1 ×Dn) ≃ S1 S1.
Sn ⊔ Sn (S1 ×Dn)◦◦ S1 × Sn−1
Now, writing Rn+1 ≃ R×Rn, it suffices to notice that the action of Sph(Y, n)⊗Sph(Y, n)rev on Sph(Y, n)
and the functor (5.2) “happen” on the first factor, whence their are compatible with the complementary
En-monoidal structure. 
Example 4. For n = 0, we have S−1 = ∅ and consequently Y ∅ = pt. Hence, in this case the theorem states
that Tr(H(Y )) :=
∫
S1 H(Y ) ≃ “D”(LY ). This result had already been established in [10].
5.1.2. The value on higher dimensional tori. Iterating Theorem 5.1, one immediately obtains the value of
Tn on all tori T
d ≃ (S1)d of dimension d ≤ n+ 1: an equivalence∫
Td
Sph(Y, n) ≃ IndCoh0
((
Y T
d×Sn−d
)∧
Y Td
)
of En−d+1-algebras.
5.2. The higher Hochschild homologies of the spherical category. We can now compute the value
of Tn on all spheres of dimension 1 ≤ d ≤ n + 1. For a general En-algebra A, the invariant
∫
Sd A is called
the Ed-Hochschild homology of A, see [15].
5.2.1. In our case, we wish show that∫
Sd
Sph(Y, n) ≃ IndCoh0
((
Y S
d×Sn−d
)∧
Y Sd
)
as En+1−d-monoidal DG categories. Since the LHS enjoys excision in the form of∫
Sd
Sph(Y, n) ≃ Sph(Y, n) ⊗∫
Sd−1
Sph(Y,n)
Sph(Y, n),
we need to show that so does the RHS. This is guaranteed by the following instance of Theorem 4.1, together
with induction on d (the case d = 0 being trivial, the case d = 1 being Corollary 5.2).
Theorem 5.3. For Y an algebraic stack locally of finite presentation and 0 ≤ d ≤ n + 1, the IndCoh0
pull-push along the compatible pair of cospans
(5.3)
pt ⊔ pt Sd ×Dn+1−d ≃ Sd Sd
Sn ⊔ Sn (Sd ×Dn+1−d)◦◦ Sd × Sn−d
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descends to an En−1-monoidal equivalence
IndCoh0
((
Y S
n)∧
Y
)
⊗
IndCoh0
((
Y Sd−1×Sn−d+1
)
∧
Y S
d−1
) IndCoh0
((
Y S
n)∧
Y
)
(5.4)
≃
−−−→ IndCoh0
((
Y S
d×Sn−d
)∧
Y Sd
)
.
Remark 9. At this point, we have already proven Theorem 1.1 in the case of genus zero: it suffices to set
Y = BG and n = 2. Note moreover that LSBettiG (S
2) ≃ LSG(P
1) as algebraic stacks, where the latter is the
stack of de Rham local systems on the algebraic curve P1.
5.2.2. From this description of
∫
Sd Sph(Y, n), we see that the spherical TFT can be extended further to an
(n + 2)-dimensional TFT, that assigns a vector space to any closed oriented (n + 2)-dinensional manifold.
To see this, we invoke [22, Remark 4.1.27]: we need to show that Sph(Y, n) is dualizable as a module over
each of its Hochschild homologies. In our case this is clear, as Sph(Y, n) is dualizable as a DG category and
each
∫
Sd Sph(Y, n) is rigid.
For instance, Sph(BG, 0) gives rise to a 2-dimensional theory that has been described in [6].
6. Pairs of pants and Riemann surfaces
In this last section, we wish to prove Theorem 1.1, or rather its generalization given in Section 3.2.9. For
these statements to make sense, we need n ≥ 1, an assumption we keep in place henceforth.
In other words, we wish to prove Claim 3.1 on manifolds of dimension ≤ 2. To this end, it is essential to
come to grips with the value of the theory on the pair of pants.
Having control of
∫
P2
Sph(Y, n), we apply Theorem 4.1 repeatedly to obtain the integral of Sph(Y, n) on
any Riemann surface.
6.1. Pairs of pants. Thanks to a mild generalization of Theorem 4.1, we can actually compute
∫
Pd
Sph(Y, n)
for any d-dimensional pair of pants Pd = (D
d)◦◦, with 1 ≤ d ≤ n+ 1.7 (The case d = 1 is not interesting, so
let us assume d ≥ 2.)
6.1.1. Let A an Ed−1-algebra. Then the topological chiral homology
∫
Pd A comes with the structure of an
Ed−1-algebra in the Ed−1-monoidal ∞-category(∫
Sd−1
A⊗
∫
Sd−1
A,
∫
Sd−1
A
)
-bimod.
Let us write down these three actions.
6.1.2. Consider the decomposition P d ≃ (Hd)◦ ⊔Dd−1 (H
d)◦, where Hd denotes the d-dimensional hemi-
sphere obtained by cutting Dd is half. Accordingly, the TFT guarantees that∫
Pd
A ≃
∫
(Hd)◦
A ⊗∫
(Dd−1)
A
∫
(Hd)◦
A ≃
∫
Sd−1
A⊗
A
∫
Sd−1
A,
where the two actions of A ≃
∫
Dd−1
A on
∫
Sd−1
A ≃
∫
(Hd)◦
A are determined by modifications along the flat
face of each of the holey hemispheres (Hd)◦.
Now, imagining Pd as a bordism from S
d−1 ⊔ Sd−1 to Sd−1, the two “incoming” actions of
∫
Sd−1
A on∫
Sd−1
A⊗
A
∫
Sd−1
A
are the obvious ones induced by the action of
∫
Sd−1
A on itself.
7We expect this computation to be enough to prove Claim 3.1 using a handle decomposition of M .
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6.1.3. The third action, the one coming from the “outgoing” piece of the boundary, is slightly more com-
plicated to write. Since the decompositon P d ≃ (Hd)◦ ⊔Dd−1 (H
d)◦ broke the symmetry, we also need to
break
∫
Sd−1
A as
A ⊗∫
Sd−2
A
A.
Then the action of the latter on ∫
Sd−1
A⊗
A
∫
Sd−1
A
is given by the two componentwise actions of A on
∫
Sd−1 A.
6.1.4. Let us now apply this to A = Sph(Y, n). Going through the proof of Theorem 4.1, it is easy to
realize that the statement remains valid for M and N manifolds with corners, as long as the chose piece of
boundary B has no corners. This is the case in our situation: P d ≃ (Hd)◦ ⊔Dd−1 (H
d)◦.
From this we get the proof of Claim 3.1 in the present case, that is, an equivalence
(6.1)
∫
Pd
Sph(Y, n) ≃ IndCoh0
((
Y ∂(P×D
n+1−d)
)∧
Y P
)
.
It takes some unraveling to check that the three actions of
∫
Sd Sph(Y, n) on
∫
Pd Sph(Y, n) are given as in
Claim 3.1 applied to each component of the boundary of Pd.
Example 5. Let us look at the case of n = 2 (our original case) and d = 2, so that P is the usual pair of
pants. Let us consider Pg := P
2
g to be a g-ary pair of pants: that is a disk with g small disks removed. Then
(a straightforward generalization of the) equivalence (6.1) takes the form of∫
Pg
Sph(Y, 2) ≃ IndCoh0
((
Y Xg
)∧
Y (S1)
∨g
)
where Xg is a Riemann surface of genus g and the bouquet of g circles wraps around it in the obvious way.
The g + 1 actions of ∫
S1
Sph(Y, 2) ≃ IndCoh0
((
Y X1
)∧
Y S1
)
on
∫
Pg
Sph(Y, 2) are given by bubbling off g + 1 tori: the “incoming” g ones are placed around the g “holes”
of Xg, the “outgoing” one is placed around the entire Xg.
6.2. Topological chiral homology on surfaces. Having established the value of the TFT attached to
Sph(Y, n) on the pair of pants, we can now proceed to computing the theory in dimension 2. We follow the
argument of [6, Section 3.2].
6.2.1. Let Bord1,2 denote the ∞-category of oriented bordisms of (oriented) surfaces. I.e., objects are
unions of circles and morphisms are oriented surfaces with boundary given by circles (some ingoing, the rest
outgoing).
We will look at two symmetric monoidal functors from Bord1,2 to (Alg(n)(DGCat))
1−Cat, the latter being
the Morita ∞-category of En-monoidal DG categories (that is, the ∞-category underlying Alg
◦
(n)(DGCat)).
On the one hand, we can consider the restriction of Tn to Bord1,2, which we denote by the same symbol:
Tn : Bord1,2 −→ Alg
◦
(n)(DGCat)
1−Cat.
On the other hand, we can consider the lax functor
T′n : Bord1,2 −→ Alg
◦
(n)(DGCat)
defined as in Claim 3.1, that is, by the assignment Md  IndCoh0
(
(Y ∂(M×D
n+1−d))∧Y M
)
(for both objects
and morphisms). The excision theorem, Theorem 4.1, proves that T′n is a genuine functor, rather than a lax
one. Hence, T′n descends to a functor
Bord1,2 −→ Alg
◦
(n)(DGCat)
1−Cat,
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denoted again by T′n. We claim that T
′
n is symmetric monoidal: indeed, this is an immediate consequence
of the tensor product theorem for IndCoh0, see [10, Proposition 3.12]. The latter simply states that the
natural arrow
IndCoh0((Z1)
∧
W1)⊗ IndCoh0((Z2)
∧
W2) −→ IndCoh0((Z1 × Z2)
∧
W1×W2)
is an equivalence.
6.2.2. Thus, we have two symmetric monoidal functors, Tn and T
′
n, carrying Bord1,2 into
(Alg(n)(DGCat))
1−Cat. Since they coincide when evaluated on D2 and on P 2, they must coincide as functors
(this is [6, Proposition 3.3]). The assertion of Theorem 1.1 follows.
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